We report on a comparison between a 14-band and a 6-band k•p model to describe the valence band of pseudomorphic SiGe/Si heterostructures. A strong variation between both models is observed for the description of the valence band dispersion and for the calculation of the intersubband dipolar matrix elements for in-plane wave vectors as small as 10% of the Brillouin zone size. We show that the 6-band formalism overestimates the amplitude of the intersubband absorption by a factor of 2 for light polarized in the layer plane. The origin of the polarization of the intersubband transitions is discussed and the limits of both models for the calculation of the energy band diagram and dipole matrix elements are outlined. We finally show that the usual axial approximation procedure, which is often used to build a cylindrical 4-band or 8-band Hamiltonian, cannot give a cylindrical 14-band Hamiltonian.
I. INTRODUCTION
Infrared transitions in SiGe/Si low-dimensional heterostructures have attracted considerable interest in recent years. The intersubband transitions in quantum wells and the intraband transitions in quantum dots have an important potential for optoelectronic devices operating in the midinfrared or far-infrared spectral ranges.
1,2 Midinfrared photodetectors using quantum wells or quantum dots epitaxially grown on silicon have been demonstrated. 3, 4 More recently, intersubband electroluminescence in cascade structures has been reported, opening the route to the realization of a silicon-based midinfrared or far-infrared laser. 5 A large band discontinuity between silicon and strained SiGe alloys is observed in the valence band, implying that the intersubband or intraband optical processes involve different hole states ͑heavy holes, light holes, and spin-orbit split-off band͒. Many of the infrared optical experiments on strained SiGe quantum wells or quantum dots reported so far are thus interpreted in the framework of a 6-band k•p calculation. 3 This formalism corresponds to a resolution of the Luttinger Hamiltonian that describes the ⌫ 8 ϩ and ⌫ 7 ϩ valence bands. 6 The main advantage of this approach is to avoid the computation of the conduction band while taking into account its influence on the valence band energy diagram and on the optical intervalence band transitions. The influence of the conduction band on the valence band energies is introduced by second-order perturbation with the Luttinger parameters. 7 The influence of the conduction band on the intervalence band optical matrix elements is obtained by first-order k•p perturbation on the valence band states. 8 The introduction of the first-order k•p perturbation to account for the conduction band states can be used to calculate the optical matrix elements of intersubband transitions in quantum wells. 9 One important consequence of the effect of the conduction band on intersubband optical transitions in quantum wells is the possibility to observe optical transitions for light polarized parallel to the layer plane, as evidenced in several absorption experiments. 10 Since the interband separation between valence and conduction states near the ⌫ point is large in Si and Ge materials, it is justified to take into account the conduction band by a perturbation of first order on the valence band states.
In the case of SiGe alloys, the s-type and p-type conduction bands are not far in energy and both bands exhibit interaction matrix elements with the valence band of the same order of magnitude. It is therefore necessary to introduce a 14-band k•p formalism for SiGe/Si quantum wells to account for the admixture between the first s-type and the p-type conduction bands on the valence band.
11 The 14-band formalism describes the whole conduction band and the valence bands ͓⌫ 8 Ϫ , ⌫ 6 Ϫ , ⌫ 7 Ϫ , ⌫ 8 ϩ , ⌫ 7 ϩ ͔. In this formalism, the influence of the first s-type and p-type conduction bands on the valence band is included exactly. It appears that the interaction between the p-type conduction band and the p-type valence band favors intersubband transitions parallel to the layer plane while the interactions of both s-and p-type conduction bands with the valence band have nearly equal contributions to the oscillator strength parallel to the growth axis. Since the 14-band formalism accounts for the interaction between the conduction band and valence band exactly, it should be more accurate than the 6-band model. Significant differences exist between both models. We show that the axial approximation which is usually used in the 6-band theory is not valid with the 14-band model. The axial approximation is valid when we consider the influence of an s-type conduction band because it induces an isotropic effect on the valence band. It is not the case in the 14-band model since the p-type conduction band has an anisotropy effect on the valence band and we see no analytical method to build a 14ϫ14 Hamiltonian with a cylindrical symmetry.
In this work, we report on a detailed comparison between the 6-band and 14-band formalism for the calculation of the energy band diagram and the dipolar matrix elements of SiGe/Si heterostructures. We show that important differences are obtained for the subband energies in quantum wells at wave vectors smaller than 1 nm Ϫ1 along with strong variations in the dipolar matrix elements when the in-plane wave vector increases, leading to significant differences in the calculation of the absorption spectrum in p-doped structures. We find that the 6-band model gives higher absorption amplitudes for the HH 1 →HH 2 transition ͑by 20%͒ and for the HH 1 →LH 1 transition ͑factor of 2͒ as compared to the absorption amplitude obtained with the 14-band model in heavily doped structures.
This article is organized as follows. In Sec. II, the 14-and 6-band models are first described and their results are compared for the case of bulk silicon. We point out the limit of validity of the 14-band model to describe the valence band, because of the uncertainty of the input parameters which are involved in describing the nonparabolicity of the p-type conduction band. While the 14-band model does not allow us to describe accurately the dispersion of the conduction bands near the ⌫ point, we discuss its influence on the calculation of the valence band energy diagram for wave vectors close to the center of the Brillouin zone. We finally quantify the limit of both models and show that the 14-band model is still more accurate than the 6-band model. In Sec. III, we provide a detailed description of the valence band of a strained Si/Si 0.5 Ge 0.5 /Si quantum well. We present a comparison between both formalisms, focusing on the energy band diagram and on the dipolar matrix elements. Both intersubband (HH 1 →HH n ) and intervalence band ͓HH 1 →LH n (SO n )͔ transitions are studied. We point out the strong variations of the energies and of the dipolar matrix elements between the 6-band and 14-band models for wave vectors smaller than 10% of the Brillouin zone size, in particular for the case of the HH 1 ϪLH 1 (SO 1 ) transition. In Sec. IV, a discussion of the axial approximation is finally presented.
II. 14-BAND AND 6-BAND k"p FORMALISMS
In this section, we first describe both 14-band and 6-band formalisms and we present a comparison between both formalisms for the case of bulk silicon. We show the limitation of both models to describe the valence band. The main issue of this part is to show the strong nonparabolicity effect of the p-type conduction band on the valence band energies. Second, we attempt to quantify the limit of both 6-band and 14-band models.
14-band and 6-band k"p formalism
The k•p equation we solve in the present work is 6, 8 
where
͑2͒
m 0 is the free electron mass, ប is the reduced Planck constant, and c is the speed of light in vacuum. U is the periodic potential of the unstrained crystal and ϭ( x , y , z ) are the Pauli matrices. The U lk (0) represent the Bloch function spinors in the unstrained crystal. As usual the k-dependent 8 spin-orbit coupling term (ប 2 /4m 0 2 c 2 )("Uϫk)•, has been neglected. In the following, we apply the k•p formalism to the 14-fold space of the valence band ͓⌫ 8 ϩ ,⌫ 7 ϩ ͔, the lowest ⌫ 7 Ϫ , and the second conduction bands ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔. These bands and the associated parameters are schematically illustrated in Fig. 1 . In the case of the 6-band model, the k•p equation ͑2͒ is projected onto the 6-fold space of valence bands ͓⌫ 8 ϩ , ⌫ 7 ϩ ͔. The ⌫ bands are defined in an orthogonal base of Bloch states at kϭ0 given in Table I . This set of functions diagonalizes the spin-orbit coupling represented by the third term in Eq. ͑2͒. The notations J and J z in Table I represent the total angular momentum and its projection along the z growth axis, respectively. The first index ϩ (Ϫ) denotes the valence ͑conduction͒ states which are even ͑odd͒ under the inversion symmetry operator, respectively. In Table I , the functions X, Y, Z, S, X C , Y C , and Z C are defined as the eigenstates of the H U Hamiltonian: H U ϭp 2 /2m 0 ϩU. These functions are assumed to be real and have, respectively,
The 6ϫ6 and 14ϫ14 k•p matrices are given in Appendix A by Eq. ͑A1͒ and in Appendix B by Eq. ͑B1͒, respectively. In the case of the 14-band formalism, two key points are to be clarified. The first point is related to the values of the modified Luttinger parameters ␥ j Ј ( jϭ1,2,3) which appear in the off-diagonal terms inside the
The values of ␥ j Ј are chosen to highlight the effect of the whole remote bands on the valence bands, except for the first s-type and p-type conduction bands which are included exactly. The values of ␥ j Ј are deduced from the well-known Luttinger parameters ␥ j as presented in Appendix B ͓see Eq. ͑B2͔͒. We note that the expression of the parameter ␥ j Ј is equivalent to the one used in the 8-band model, 12 which is, for instance, extensively used to describe the ͓⌫ 6 , ⌫ 8 , ⌫ 7 ͔ valence and conduction bands in GaAs heterostructures. The second key point is related to the values of the off-diagonal terms inside the ͓⌫ 8 Ϫ , ⌫ 6 Ϫ ͔ conduction bands. These terms include the remote band effects on the p-type conduction band, without the valence and the ⌫ 7 Ϫ bands, through the ␥ C j Luttinger-like parameters. In Eq. ͑B3͒ of Appendix B, we give the relation between the ␥ C j parameters and ␥ C j parameters which include the whole remote band effect on the ͓⌫ 8 Ϫ , ⌫ 6 Ϫ ͔ conduction bands. In this work we consider the s-type conduction band without any remote band influence. If the remote band effects are not taken into account in the off-diagonal terms inside the ͓⌫ 8 Ϫ , ⌫ 6 Ϫ ͔ subspace, the p-type conduction band is parabolic like. As will be explained below, a parabolic dispersion of the p-type conduction band in bulk Si and Ge would be quite different from the well-known dispersion 13 especially in the ͓100͔ direction of k space. At first order, one can assume that a nonparabolic contribution to the conduction band will not influence the valence band if it is weak as compared to the interband energy separation. This assumption can be illustrated with a simple two-band model. The k•p Hamiltonian without the spin-orbit coupling,
can be written inside the (U C , U V ) basis as 
where U C and U V represent the conduction and valence band states, respectively, E G is the interband separation energy defined as H k
is an energy which is referred to as the nonparabolicity of the conduction band induced by the remote band effect. For small wave vectors, we have PkӶE G and at third order of perturbation the valence band energy can be written as
where E P is related to the matrix element P by E P ϭ(2m 0 /ប 2 ) P 2 . Equation ͑4͒ is equivalent to the Kane equation, which gives the effective mass of holes, corrected by a term depending on (k). For a given wave vector k, if E G is large as compared to the nonparabolicity contribution (k), we can neglect the effect of the nonparabolicity of the conduction band on the valence band. While the nonparabolicity of the p-type conduction band is strong near the ⌫ point in Si and Ge materials, the use of the 14-band Hamiltonian without the ␥ C j which includes the remote band influence is thus limited to a given range of k where E G ӷ(k). According to Eq. ͑4͒, a variation of 10% is observed for the energy of the valence band between the case ϭE G /10, which is reasonable following Ref. 13 , and the case ϭ0 at kϭ1 nm Ϫ1 . We now turn to the influence on the valence band of the 14ϫ14 matrix including the effect of the remote bands on the p-type conduction band as compared to the same matrix without taking into account the influence of the remote bands. Figure 2 shows the conduction band ͑a͒ and valence band ͑b͒ energy diagrams of bulk silicon obtained with the 14-band model. The figures present a comparison between H k 14ϫ14 without accounting for ␥ C j ͑solid line͒ and with ␥ C j ͑dotted line͒. Since the conduction band parameters involved in this 14ϫ14 Hamiltonian are not well known, we chose to test their influence by taking values of ␥ C j which leads to a flat p-type conduction band by putting ␥ C j ϭ0 ͓see Appendix B, Eq. ͑B3͔͒. We observe that the k dependence of the p-type conduction band influences very rapidly the valence band dispersion curve when the wave vector increases. An energy variation of 8% is found at 1 nm Ϫ1 for the heavy-hole band when we take into account the influence of the remote bands on the p-type conduction band. We note that there are no experimental cyclotron resonance data available for the conduction band parameters ␥ C j near the ⌫ point as opposed to the case of the valence band since electrons in bulk Si and Ge do not fill the ⌫ conduction band states. It is in contrast with direct band gap materials where the parameters of the conduction band can be experimentally measured. The accuracy of the 14-band model to calculate the dispersion curves of the valence bands thus depends on the type of investigated semiconductors. In order to avoid the uncertainty with the 14-band model for Si and Ge due to the conduction band nonparabolicity, a more extended formalism which includes remote band states like the sp 3 s* method would be necessary.
14 Such an extended model can be used as a reference to determine the limit of validity of the 6-band and 14-band models for the valence band calculation near the ⌫ point.
The second-order perturbation used in the 6-band model to include remote band effects on valence states through the Luttinger parameters is justified when the k•p coupling with other bands is weak as compared to the interband separation. In the two-level Hamiltonian of Eq. ͑3͒, this situation corresponds to PkӶE G or kӶE G ϫͱ2m 0 /ប 2 E P where E G is the difference of energy at the ⌫ point and E P the momentum matrix elements between U C and U V . If we consider an upper value k lim ϭ 1 10 (E G ϫͱ2m 0 /ប 2 E P ) for the range of k where the 6-band model is valid, a numerical application with E G ϭ3.4 eV and E P ϭ25 eV gives a wave vector limit of 0.34 nm Ϫ1 . Figure 3 shows the valence band dispersion of bulk silicon performed with the 6-band ͑solid line͒ and 14-band ͑dashed line͒ models in the ͓100͔ direction. It clearly shows that the 6-band model does not describe the dispersion like the 14-band model and that variations between both models increase quadratically with the wave vector. While the 14-band model is limited by the description of the p-type conduction band nonparabolicity, the 6-band model is limited by the validity of second-order perturbation. As both models present different types of limitation to describe the valence band, we attempt to quantify their limit and to define which of the 6-band and 14-band formalisms is more accurate by to the uncertainty in the input parameters is thus not so strong. This is in agreement with the assumption that the remote bands are so far in energy that their effect can be neglected in the range of wave vector we have considered (2 nm Ϫ1 ). 11 We can thus conclude that the 6-band model is more limited than the 14-band model despite the lack of knowledge of the conduction band parameters. In the following, the 14ϫ14 matrix will be used without including remote band effects on the p-type conduction band. The comparison of the sp 3 s* with the 14-band formalism for the case of the conduction band is presented in Fig. 4͑b͒ . The agreement is less satisfying as compared to the valence band but the difference is not significant for the description of the valence intersubband dipole matrix elements as checked by modifying arbitrarily the values of ␥ C j .
III. 6-BAND AND 14-BAND k"p METHOD FOR STRAINED SiGeÕSi QUANTUM WELLS
We will illustrate below the differences between the 6-band and 14-band models for the case of a strained Si 0.5 Ge 0.5 /Si quantum well. This case is of interest since it can be used as a first approximation to describe the optical properties of the self-assembled islands obtained by nominally depositing pure Ge on Si. 
A. Valence band dispersion
To describe the valence band dispersion of a strained SiGe/Si quantum well grown along the z axis on a ͑001͒ silicon substrate, we solve the equation
where V(z) is the band offset potential which is diagonal in both 14-14-and 6-6-dimensional spinor basis. The strain potential is included with the Hamiltonian H S following the procedure described in Ref. 16 . For a quantum well grown on a ͓001͔-oriented substrate and thin enough to elastically accommodate the strain due to the lattice mismatch, the strain in the ͑001͒ plane is
where a Si and a Si 1Ϫx Ge x are the lattice constants of the substrate material ͑Si͒ and the well material (Si 1Ϫx Ge x ), respec- 16 The H S matrices used for the calculation of the energy band diagram with the 14-band model and 6-band model are given by Eq. ͑B4͒ of Appendix B and Eq. ͑A2͒ of Appendix A, respectively. The parameters involved into the Hamiltonian H S are given in Table II . Figure 5 shows the band diagram at the ⌫ point of a strained Si/Si 0.5 Ge 0.5 /Si quantum well. In this figure the strain effect on the band edge energies was taken into account. The origin of energy is taken at the top of the heavy-hole band barrier. The numerical values for the Si and Si 0.5 Ge 0.5 band parameters used in this work are given in Table III . In the following, the results are illustrated for the case of a 5-nm-thick Si/Si 0.5 Ge 0.5 /Si quantum well. The heavy-hole valence band offset for the strained material ⌬E V is assumed to be 350 meV. 17 Using the usual assumption in the envelope-function approach that the basis ͉Ϯ,J z ͘ is the same in both materials Si and SiGe, we replace k z by the momentum operator k z ϭϪi ‫‪z‬ץ/ץ‬ in the H k Hamiltonian. The solution of Eq. ͑5͒ at a given k ͉͉ is written in the form
n,k ͉͉ (z)͉n͘ where n,k ͉͉ (z) is the envelope function. The index n refers to the states ͉Ϯ,J z ͘ given in Table I . In order to account for the spatial dependence along the z axis of the band parameters a(z) and for the boundary conditions, the second-order terms in k z in the 6ϫ6 and 14 ϫ14 k•p matrices, like a(z)k z 2 , are replaced with 18, 19 while the linear terms like a(z)k z are replaced
is solved using a Fourier-like series expansion of the envelope function n,k ͉͉ (z), a method appropriate to account for the boundary conditions. 19 To describe a quantum well centered at L/2, an efficient and suitable basis of function The valence band energy diagram of the 5-nm-thick strained SiGe/Si quantum well obtained after solving Eq. ͑5͒ is shown in Fig. 6 for the ͓100͔ direction. The 14-and 6-band model solutions are shown in dashed and solid lines, respectively. The energy of the first confined states are in good agreement between both models, but as the energy gets closer to the barrier edge ͑0 meV͒, a discrepancy between both models is observed. This behavior is associated with the increase of the wave vector when the quantified kinetic energy along k z increases. As the confined states are related to large-k z wave vectors, the variation of the valence subband energies obtained in quantum wells can be attributed to the differences in valence band dispersion found for bulk systems for values of k of 1 -2 nm Ϫ1 . Figure 7 shows the projection of the wave function components n,0 (z) corresponding to each level obtained at k ͉͉ ϭ0 with the 6-band model. According to the wave function representation, the confined states are indexed from the top to the bottom as HH 1 , LH 1 (SO 1 ), HH 2 , LH 2 (SO 2 ), and HH 3 . Because the lighthole and spin-orbit split-off states are strongly mixed, we denote the state ''LH͑SO͒'' the ''light-hole-like'' state or, for short, ''LH.' ' The admixture of valence and conduction bands can occur at k ͉͉ ϭ0. The corresponding levels are from top to bottom HH 1 , LH 1 (SO 1 ), HH 2 , LH 2 (SO 2 ), and HH 3 . We note that at k ͉͉ ϭ0 the heavy-hole subbands are not mixed, while the SO and LH subbands are strongly mixed. This mixing is due to both coupling inside the k•p Hamiltonian and the H S Hamiltonian.
conduction states for a zero in-plane wave vector. This feature can be easily predicted by looking at the interband matrix elements inside the 14ϫ14 matrix for k x ϭk y ϭ0. In this case there are no coupling terms between the ͉ϩ,Ϯ 
B. Intersubband dipolar matrix elements
We now turn to the dipolar matrix element calculation for intersubband transitions from the HH 1 subband to the HH 2 , LH 1 , and LH 2 subbands. The interactions of s-type conduction and p-type conduction bands with the valence band have nearly equal contribution to the HH 1 →HH 2 dipolar matrix element along the growth axis when k ͉͉ 0. 11 We show here that the dipole matrix element of this transition is mainly influenced by the p-type conduction band and not by the s-type conduction band when k ͉͉ ϭ0. The s-type conduction band influence occurs only when k ͉͉ increases because of band-mixing effects. Another interesting property is that the HH 1 →LH 2 transition is allowed at k ͉͉ ϭ0 for light polarized in the (x,y) plane. This feature which is usually explained by the band-mixing effect is more detailed in the present work with an assignment of the specific bands at the origin of this effect, in particular to describe the influence of the conduction bands into the optical transitions HH 1 →HH n and HH 1 →LH n at k ͉͉ ϭ0. The comparison of the data obtained with the 14-band model with the data obtained with the 6-band model indicates that strong differences are observed at small in-plane wave vectors, thus leading to significant differences in the absorption spectrum.
The calculation of the dipolar matrix element is obtained as follows. The momentum matrix element between an initial i state and a final f state is given by the expression 9,22
where is a unit vector parallel to the light polarization. As the dipole operator is related to the momentum operator, we chose in this work to discuss the dipolar matrix element given at k ͉͉ by
The term ប i, f is the energy difference between the initial and final states. The computation of the dipole (•) i, f is made by using the scalar product •" k H k . Starting from the bulk k"p Hamiltonian we perform two scalar products for the case ϭ( x , y ,0) and the case ϭ(0,0, z ) in order to investigate separately the x,y and the z components of the optical transitions. We then obtain two matrices in which we replace k z by k z . These matrices are given in Appendix C in the case k ͉͉ ϭ0 and for the 6-band model. For the simplicity of the description of the matrix element we do not develop the terms like a(z)k z into 1 2 ͓k z a(z)ϩa(z)k z ͔, but this development which is necessary for conservation of the current density at the interface between the well and barrier is made in the calculation of the matrix elements before projecting them onto the ͉ m ͘ basis. After development of the matrix element into the N-fold basis ͉ m ͘, we obtain two matrices
of size 14 (6)Nϫ14 (6)N which are used into the computation of the dipole along (x,y) and z by the expression
͑9͒
The coefficients c m n,k ͉͉ and energies ប i, f k ͉͉ involved in the computation of the dipoles are obtained from the diagonalization of the Hamiltonian H for a given k ͉͉ . We use the index n and m to represent the function ͉(Ϯ),J z ͘ and the function ͉ m ͘, respectively.
We note that the properties of the optical transitions can be observed in the •" k H k matrix before its development into the N-fold basis ͉ m ͘. Appendix C gives the matrix
•" k H k obtained from the 6-band k•p Hamiltonian presented in Appendix A ͓Eq. ͑A1͔͒. While the discussion is more simple with the analytical expression available in the 6-band model, we attempt to understand the effect of the s-and p-type conduction bands on the transitions from the HH 1 subband to the HH n and LH n subbands at k ͉͉ ϭ0. This discussion can be supported by the previous observation made about Fig. 8 which shows the mixing of the valence band with the conduction band for the confined hole states of the well. In particular, the HH n subbands are exclusively coupled with the p-type conduction band at k ͉͉ ϭ0. In the following, in order to underline the contribution of the first s-and p-type conduction bands into the matrix •" k H k , we use the expression of the Luttinger parameter ␥ j ( jϭ1,2,3 
. When looking at the •" k H k matrix for the case ϭ(0,0, z ), given in Eq. ͑C2͒, we see clearly that the unique term which will be included into the dipole calculation of the transition HH 1 →HH 2 or in the general case HH 1 →HH n is
First from Eqs. ͑10͒ and ͑11͒, we see that, besides the remote bands, the only conduction band which influences the transition HH 1 →HH n parallel to the growth axis is the p-type conduction band via the interband matrix element E PX . This result is in contrast with the result reported in Ref.
11 indicating that both s-and p-type conduction bands play the same role in z-polarized optical transitions when k ͉͉ increases. We emphasize that the s-type conduction band influence occurs only for k ͉͉ 0. Second, because of the symmetry of the quantum well and the operator k z ϭϪi ‫‪z‬ץ/ץ‬ is odd, only transitions from HH 1 to HH n where n is even are allowed. We note that expression ͑10͒ is equivalent to an effective mass approach which gives the well-known selection rule for intersubband transitions and includes implicitly the p-type conduction band effect on the HH 1 →HH n transition. From the matrix •" k H k in the case ϭ( x , y ,0) ͓Eq. ͑C1͒ in Appendix C͔ we expect no transition HH 1 →HH n to be allowed for light polarized parallel to the layer plane when k ͉͉ ϭ0. Figures 9͑a͒ and 9͑b͒ show the dipole matrix element for the HH 1 →HH 2 transition calculated with the 14-and 6-band models as dashed and solid lines respectively. For light polarized along the growth axis, the transition is allowed at k ͉͉ ϭ0 while for light polarized parallel to the layer the transition is forbidden. We find numerically a zero value for the dipole element HH 1 →HH 3 at k ͉͉ ϭ0 in z and x polarization. These results are in agreement with the general selection rule of the transitions HH 1 →HH n .
We now turn to the case of the HH 1 →LH n transitions at k ͉͉ ϭ0. While the light hole is strongly mixed with the spinorbit split-off band at k ͉͉ ϭ0, two matrix elements are involved into the HH 1 →LH n transitions. For light polarized parallel to the layer plane, the first and second terms are given by ͓see Eq. ͑C1͔͒
The transition HH 1 →LH n for light polarized parallel to the layer plane at k ͉͉ ϭ0 is governed by the ␥ 3 parameter and the odd operator Ϫi ‫.‪z‬ץ/ץ‬ Following the set of equations ͑12͒-͑14͒, we conclude ͑i͒ that at k ͉͉ ϭ0 the transition HH 1 →LH n for light polarized in the layer plane is due to the influence of both s-and p-type conduction bands with an equal weight as E P /E G is close to E PX /(E G ϩE GC ) ͓Eq. ͑14͔͒ and ͑ii͒ this transition is allowed for the LH n -confined state for even values of n as in LH 2 ͓Eqs. ͑12͒ and ͑13͔͒.
According to the matrix z •" k H k given in Appendix C for the case ϭ(0,0, z ) which does not exhibit terms coupling heavy holes with light holes and the spin-orbit split-off band, we also conclude ͑iii͒ that no transition HH 1 →LH n for light polarized along the growth axis is allowed at k ͉͉ ϭ0. The dipole matrix elements for the transitions HH 1 →LH 1 and HH 1 →LH 2 are given in Figs. 9͑c͒, ͑d͒ and 9͑e͒, ͑f͒ along the ͓100͔ direction for both 6-and 14-band models. Figures 9͑c͒ and 9͑e͒ correspond to the z polarization while Figs. 9͑d͒ and 9͑f͒ correspond to the in-plane polarization. We observe that the conclusion ͑ii͒ is verified for x polarization and that the condition ͑iii͒ is verified for z polarization.
When comparing the dipole matrix element values obtained from both models as reported in Fig. 9 , we observe that at k ͉͉ ϭ0 both models are in good agreement but that differences appear very rapidly as k ͉͉ increases. Since the calculation of the dipole elements provides a theoretical support to the experimental measurements like the absorption in doped structures, 3 we point out that the theoretical general trends obtained with one of both models should be taken with a margin of error given by the variation between both models. As an example we show in Fig. 10 the absorption spectrum in both x and z polarizations calculated with the average value of the dipole elements in the (k x ,k y ,0) plane. The comparison is performed for a p-type doping level of pϭ2.8ϫ10 18 cm Ϫ3 (p 2D ϭ1.4ϫ10 12 cm Ϫ2 for a 5-nm-thick quantum well͒ and considering an homogeneous broadening of 10 meV ͑full width at maximum͒. We see that the 6-band model gives a much higher absorption amplitude ͑factor of   FIG. 9 . ͑a͒, ͑b͒ Dipolar matrix element in nm for the transition HH 1 →HH 2 ͑a͒ along the z axis and ͑b͒ along the x axis. The dipole is calculated along the ͓100͔ direction. The solid ͑dashed͒ lines correspond to the 6-͑14-͒ band formalism. ͑c͒, ͑d͒ Dipolar matrix element in nm for the transition HH 1 →LH 1 ͑c͒ along the z axis and ͑d͒ along the x axis. The dipole is calculated along the ͓100͔ direction. In both figures the solid ͑dashed͒ lines correspond to the 6-͑14-͒ band formalism. ͑e͒, ͑f͒ Dipolar matrix element in nm for the transition HH 1 →LH 2 ͑e͒ along the z axis and ͑f͒ along x axis. The dipole is calculated along the ͓100͔ direction. In both figures the solid ͑dashed͒ lines correspond to the 6-͑14-͒ band formalism. 2͒ for the HH 1 →LH 1 transition for light polarized parallel to the layer plane and an amplitude enhancement by 20% for the transition HH 1 →HH 2 for light polarized parallel to the growth axis. We also observe a weak shift between the resonance energies obtained with both models. This shift is associated with the difference in the energy band diagrams as reported in Fig. 6 . For a doping level of 6.4ϫ10 11 cm Ϫ2 the variation of the absorption amplitude reaches 10% for the transition HH 1 →HH 2 for light polarized parallel to the growth axis and is close to 50% for the HH 1 →LH 1 transition for light polarized parallel to the layer plane. We conclude that the difference between both models should be considered when choosing a formalism to describe the experimental results, in particular if the system exhibits a high density of holes.
IV. AXIAL APPROXIMATION WITH THE 14-BAND MODEL
In the 4ϫ4 Luttinger-Kohn Hamiltonian, the axial ͑or cylindrical͒ approximation consists in taking ␥ d ϭ0, which does not mean ␥ 2 ϭ␥ 3 elsewhere. This approximation leads to an energy which depends on (k x 2 ϩk y 2 ) 1/2 ͑Refs. 21,23, and 24͒. The axial approximation can be used in the 6ϫ6 Luttinger-Kohn Hamiltonian. In the 8ϫ8 Pidgeon-Brown Hamiltonian, the Pk interaction between the conduction and valence bands is isotropic and the same approximation keeps cylindrical symmetry: it is thus enough to change the Luttinger-like parameters of the 8ϫ8 Hamiltonian. On the contrary, in the 14ϫ14 Hamiltonian, the P X k interaction is anisotropic and whatever the values of the Luttinger-like parameters the energy depends on the direction and cannot be averaged via the Luttinger-like parameters, as is shown hereafter.
Following an idea of Ref. 21 , we first show that we can lower the anisotropy of the 14ϫ14 matrix: to compensate the anisotropy of the P X k interaction inside the valence band we change the influence of the remote bands which are included by second-order perturbation via the Luttinger-like parameters. A short calculation from Eq. ͑B2͒ in Appendix B leads to the following value of ␥ d Ј in the term of Eq. ͑B1͒:
We note that when projecting the 14-band k"p matrix onto the ͓⌫ 8 ϩ , ⌫ 7 ϩ ͔ ͑see Appendix B͒ with ␥ d Ј given by Eq. ͑15͒
and by considering second-order perturbation of the conduction band on the valence band, we obtain the 6-band k"p matrix ͑Appendix A͒ with ␥ d ϭ0. In Fig. 11 , we show the dispersion curves of the valence band in bulk silicon along the ͓100͔, ͓210͔, and ͓110͔ directions. These dispersion curves are obtained with the 14ϫ14 matrix in which we have replaced ␥ d Ј by Eq. ͑15͒. For small wave vectors-i.e., for k ͉͉ lower than 1 nm Ϫ1 -the energies are weakly dependent on the k ͉͉ direction, thus leading to a nearly cylindrical symmetry. As the wave vector increases, the energies become very sensitive to the direction and the in-plane isotropy behavior is lost. This is due to the fact that the interband matrix elements P X k become too large as compared to the secondorder perturbation as reported in Eq. ͑15͒. This feature leads to an anisotropy of the valence band in the ͓k x ,k y ,0͔ plane when k increases. Therefore when including the p-type conduction band effect exactly in the valence band calculation as is made with the 14-band model, the axial approximation usually done into the Luttinger-Kohn or Pidgeon-Brown Hamiltonian by a method equivalent to that proposed in Refs. 21 and 24 does not give valence band dispersion with a cylindrical symmetry.
V. CONCLUSION
We have presented a comparison between a 6-band and a 14-band k"p formalism to describe the valence band structure and intersubband optical matrix elements of SiGe/Si heterostructures. In the bulk, a discrepancy between both models appears for wave vectors larger than 0.5 nm Ϫ1 . The validity of the 14-band model at large wave vectors was inferred from a comparison with a more complete calculation using a sp 3 s* formalism. In the case of SiGe/Si quantum wells, the origin of the optical selection rules was discussed on the basis of the projection of the envelope function on the different subbands. The role of the s-type and p-type conduction bands on the selection rules was emphasized. The dipolar matrix elements of the HH 1 →HH 2 and HH 1 →LH 2 intersubband transitions were calculated for the in-plane and z directions. We have found that the 6-band formalism leads to an overestimation of the amplitude of the intersubband absorption as compared to the 14-band formalism. We have finally shown that the axial approximation is not valid for the 14-band formalism. ϩ , ⌫ 7 ϩ ͔. The dispersion curves along ͓100͔, ͓210͔, and ͓110͔ appear as solid, dashed, and dotted lines, respectively. The anisotropy of the valence band evolves continuously between the directions ͓100͔ and ͓110͔. The anisotropy effect of the p-type conduction band on the valence band cannot be avoided when the electronic wave vector increases when using the 14-band model. If we use the axial approximation proposed in Ref. 21 with the 6-band model by putting ␥ d ϭ0 in the C term of the 6ϫ6 matrix, the dispersion curve is strictly the same for the three directions ͓100͔, ͓210͔, and ͓110͔ and more generally for any direction ͓k x ,k y ,0͔.
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APPENDIX A: THE 6-BAND HAMILTONIAN
By applying the H k Hamiltonian to the 6-fold valence band space defined in Table I and written in the order ͉ϩ, 
where 
where ͉͉Ќ ϭ ʈ Ϫ Ќ , Ќ ϭ zz ϭϪ2(C 12 /C 11 ) ʈ , and ʈ ϭ xx ϭ yy ϭ(a Si Ϫa Si 1Ϫx Ge x )/(a Si 1Ϫx Ge x ) where a Si and a Si 1Ϫx Ge x are the lattice constants of the substrate material ͑Si͒ and the well material (Si 1Ϫx Ge x ), respectively. The deformation potential parameter and lattice constant are given in Table II. APPENDIX B: THE 14-BAND HAMILTONIAN
14Ã14 k"p matrix
In the basis spinor at kϭ0 given in Table I and written in the order 
͑B1͒
In the following, the index j refers to the three indexes ͑1,2,3͒.
Off-diagonal matrix elements inside the †⌫
The off-diagonal matrix elements inside the valence band subspace are given by:
In the 14-band model, the effect of the remote bands on the valence band is taken into account by the parameter ␥ j Ј ( j  ϭ1,2,3) . While the Luttinger parameters ␥ j contain the effect of all the bands including ͓⌫ 8 Ϫ , ⌫ 6 Ϫ , ⌫ 7 Ϫ ͔, the ␥ j Ј are related to the Luttinger parameters ␥ j available in Table III by the following relations:
Since the spin-orbit energy ⌬ is small as compared to the energy difference between the valence band and the far level outside the
25͒.
We define the off-diagonal matrix elements inside the ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔ conduction bands as:
The general expression of the Luttinger-like parameter ␥ C j into the off-diagonal term inside the p-type conduction band subspace is given by the following set of equations:
The ␥ C j are the Luttinger parameters for the p-type conduction band which includes the whole band effect on the ͓⌫ 8 Ϫ , ⌫ 6 Ϫ ͔ subspace. The parameters ␥ C j account for the remote band effect on the ͓⌫ 8 Ϫ , ⌫ 6 Ϫ ͔p-type conduction bands without the valence band ͓⌫ 8 ϩ , ⌫ 7 ϩ ͔ and the conduction band ⌫ 7 Ϫ . In the Hamiltonian which includes off-diagonal terms in the subspace ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔, the ␥ C j parameters are related to the ␥ C j parameters by the set of equations ͑B3͒. We can note that in semiconductors with inversion symmetry such as Si and Ge, the coupling between the ⌫ 7 Ϫ and ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔ vanishes. As opposed to the case of GaAs, 26 the set of equations ͑B3͒ would contain the dipolar matrix elements between ⌫ 7 Ϫ and ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔. When taking ␥ C j ϭ0 in Eqs. ͑B3͒, we consider that the result of the whole band effect on the p-type conduction band ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔ is to lead to a flat band. When the remote bands are not taken into account inside the ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔ band, we take ␥ C j ϭ0 in all nondiagonal terms and we take ␥ C1 ϭϪ1 and ␥ C2 ϭ0 in the diagonal terms. In this way we take the nonperturbed terms of the Hamiltonian H k inside ͓⌫ 8 Ϫ ,⌫ 6 Ϫ ͔. While the s-type conduction band behavior is close to the free electron energy dispersion near the ⌫ point, we do not include the remote band effect on the ⌫ 7 Ϫ band.
Interband matrix elements
The momentum matrix elements are defined as P Ϯ ϭ Pk Ϯ , P z ϭ Pk z , P X Ϯ ϭ P X k Ϯ , P X z ϭ P X k z .
Here P and P X are the interband matrix elements defined as The parameters E P and E PX are defined as E PX ϭ(2m 0 /ប 2 ) P X 2 and E P ϭ(2m 0 /ប 2 ) P 2 . We note that the inclusion of remote bands by secondorder perturbation leads to the appearance of interband offdiagonal terms in second order of k in the following expressions: where ͉͉Ќ ϭ ʈ Ϫ Ќ , Ќ ϭ zz ϭϪ2(C 12 /C 11 ) ʈ , and ʈ ϭ xx ϭ yy ϭ(a Si Ϫa Si 1Ϫx Ge x )/(a Si 1Ϫx Ge x ) where a Si and a Si 1Ϫx Ge x are the lattice constants of the substrate material ͑Si͒ and the well material (Si 1Ϫx Ge x ), respectively. The deformation potential parameters a G , b V and the lattice constants are given in Table II . Since the deformation potential parameters, which are involved inside the p-type conduction band, are not known, we take them arbitrarily equal to zero.
APPENDIX C: THE DIPOLAR MATRIX ELEMENTS
To simplify the discussion in the text we use the standard notation HH(↑↓), LH(↑↓), and SO(↑↓) to design the spindegenerated heavy-hole ͉ϩ,Ϯ 3 2 ͘, light-hole ͉ϩ,Ϯ 1 2 ͘, and spin-orbit ͉ϩ,Ϯ͘ states, respectively, defined in Table I . The matrix
•" k H k is derived from the 6ϫ6 H k matrix in Eq. ͑A1͒ at k x ϭk y ϭ0. For light polarized parallel to the layer plane, ϭ( x , y ,0) and k ͉͉ ϭ0: 
͑C2͒
In both matrices the terms like ␥k z have explicitly the form 1 2 (␥k z ϩk z ␥) with k z ϭϪi ‫.‪z‬ץ/ץ‬ *Electronic address: philippe.boucaud@ief.u-psud.fr
